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We suggest that the Majorana neutrino should be regarded as a Bogoliubov quasiparticle that is 
consistently understood only by use of a relativistic analogue of the Bogoliubov transformation. The 
unitary charge conjugation condition CψC† = ψ is not maintained in the deﬁnition of a quantum 
Majorana fermion from a Weyl fermion. This is remedied by the Bogoliubov transformation accompanying 
a redeﬁnition of the charge conjugation properties of vacuum, such that a C-noninvariant fermion number 
violating term (condensate) is converted to a Dirac mass. We also comment on the chiral symmetry 
of a Majorana fermion; a massless Majorana fermion is invariant under a global chiral transformation 
ψ → exp[iαγ5]ψ and different Majorana fermions are distinguished by different chiral U (1) charge 
assignments. The reversed process, namely, the deﬁnition of a Weyl fermion from a well-deﬁned massless 
Majorana fermion is also brieﬂy discussed.
© 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The Majorana fermions received much attention recently not 
only in particle physics in d = 1 + 3 [1–4] but also in condensed 
matter physics in d = 1 + 3 or less dimensions [5–7]. In the mass-
less case, it is generally believed that the Majorana fermion and 
the Weyl fermion are identical in d = 1 + 3 as is seen by writ-
ing them in the two-component spinor notation. Nevertheless, it is 
not obvious at all how a self-conjugate object is identical to a com-
plex chiral object. In this paper, we discuss some basic properties 
of Majorana and Weyl fermions using a relativistic analogue of Bo-
goliubov transformation in d = 1 + 3 space–time. Surprisingly, this 
analysis leads to the idea that the Majorana neutrino should be 
regarded as a Bogoliubov quasiparticle that is consistently under-
stood, as it will be explained further, only by use of the Bogoliubov 
transformation. The Majorana neutrino could thus become the ﬁrst 
Bogoliubov quasiparticle observed in particle physics.
2. Bogoliubov transformation
It is customary to deﬁne a Majorana fermion which satisﬁes
ψM(x) = CψMT (x) (1)
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γ5ψW (x)R = ψW (x)R , (2)
in the manner [1–4]
ψM(x) = ψW (x)R + CψW (x)R T , (3)
such that ψM(x) = CψMT (x). Here, C is the charge conjugation ma-
trix. Our notational conventions follow those in [8]. If one starts 
with a Dirac fermion ψD (x), we have ψW (x)R = ψD(x)R but we 
do not allow to use ψW (x)L = ψD(x)L in addition to ψW (x)R for a 
moment.
In quantum ﬁeld theory the simple matrix operation (1) has to 
correspond to the application of a unitary C operator to the quan-
tum ﬁelds. In the quantum framework, the deﬁnition of a charge 
conjugated spinor as ψc = Cψ T can be regarded as a classical op-
eration, for which a quantum realization C has to exist.
To satisfy the operator relation CψM(x)C† = ψM(x), it is of-
ten assumed that the charge conjugation is given by [1–4]
(ψW (x)R)C = CψW (x)R T or, in the operator notation,
CψW (x)RC† = CψW (x)R T , (4)
by presuming a suitable operator C deﬁned on an unspeciﬁed vac-
uum. However, this leads to a puzzling result for the unitary charge 
conjugation operator using ψW (x)R = (1+γ5)ψW (x)R and [9]:2
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2
CψW (x)RC† = (1+ γ5)
2
CψW (x)R
T = 0.
(5)
Moreover, the well-known C- and P-violating weak interaction La-
grangian is written as
LWeak = (g/
√
2)e¯Lγ
μW (−)μ (x)νL + h.c.
= (g/√2)e¯Lγ μW (−)μ (x)[(1− γ5)/2]νL + h.c. (6)
If one assumes again CψW (x)RC† = CψW (x)L T as C-transformation 
law, one obtains ambiguous results, namely, the ﬁrst expression 
implies that LWeak is invariant under C, while the second expres-
sion implies LWeak → 0 [9]. The quantity (ψW (x)R)C = CψW (x)R T
represents a convenient auxiliary object, but not a charge conjuga-
tion of ψW (x)R . We are unable to maintain natural operator charge 
conjugation in (3) in this construction.
On the other hand, one may deﬁne the charge conjugation by
CψψW (x)RC†ψ = CψW (x)L
T
(7)
by noting that ψW (x)R = 1+γ52 ψD(x) and using the conventional 
charge conjugation CψψD(x)C†ψ = CψD(x)
T
of a Dirac ﬁeld ψD(x). 
To make the statement precise, we denote the C for ψD as Cψ . In 
this case we do not encounter any obvious contradictions, but we 
have for the would-be Majorana ﬁeld in (3)
CψψM(x)C†ψ = CψψW (x)RC†ψ + CψCψW (x)R
T C†ψ
= CψW (x)L T + ψW (x)L
= ψM(x). (8)
Namely, we can not satisfy the Majorana condition of ψM (x). This 
implies that the subtle aspect of the deﬁnition of the operator 
charge conjugation is not solved by the mere change of the con-
vention, but rooted at a more fundamental level. Practically, it is 
important that this diﬃculty persists independently of the masses 
of Weyl and Majorana fermions, for example, in the analysis of the 
seesaw mechanism.
We can however satisfy consistent operatorial CP,
CPψM(x)(CP)† = iγ 0ψM(t,−x), (9)
which is the fundamental symmetry in a parity violating the-
ory. We adopt the parity operator with the action Pψ(x)P† =
iγ 0ψ(t, −x) as the natural choice for Majorana ﬁelds, since it pre-
serves the reality of the ﬁeld in the Majorana representation.
As a way to treat the charge conjugation in a transparent man-
ner, we introduced a relativistic analogue of Bogoliubov transfor-
mation, (ψ, ψc) → (N, Nc), deﬁned as(
N(x)
Nc(x)
)
=
(
cos θ ψ(x) − γ5 sin θ ψc(x)
cos θ ψc(x) + γ5 sin θ ψ(x)
)
, (10)
with a suitable parameter θ [9]. Note that Nc = C N¯T and ψc =
Cψ¯ T , and the transformation satisﬁes the (classical) consistency 
condition Nc = C N¯T using the expressions given by the right-hand 
sides. This Bogoliubov transformation maps a linear combination 
of a Dirac fermion ψ and its charge conjugate ψc to another Dirac 
fermion N and its charge conjugate Nc , and thus the original Fock 
vacuum for ψ is mapped to a new vacuum for N , at t = 0, for ex-
ample. It is signiﬁcant that we use Dirac fermions, either massless 
or massive, in the deﬁnition of the present Bogoliubov transforma-
tion. We can then show that the kinetic terms are invariantL= 1
2
{N¯i /∂N + N¯c i /∂Nc}
= 1
2
{ψ¯ i /∂ψ + ψ¯c i /∂ψc}. (11)
Moreover, using (10), we can show that the anticommutators are 
preserved, i.e.,
{N(t, x),Nc(t, y)} = {ψ(t, x),ψc(t, y)},
{Nα(t, x),Nβ(t, y)} = {Ncα(t, x),Ncβ(t, y)} = 0. (12)
Thus, the canonicity condition of the Bogoliubov transformation is 
satisﬁed, irrespective of the masses of the ﬁelds ψ and N , more 
generally than that implied by the free ﬁelds in (11).
It is important that the Bogoliubov transformation (10) pre-
serves the CP symmetry as a unitary operation on quantum ﬁelds, 
although it does not preserve the transformation properties un-
der iγ 0-parity and C separately [9]. To be precise, the Bogoliubov 
transformation is a canonical transformation and thus we expect 
that the dynamical properties on the vacuum for ψ and the new 
vacuum for N(x) are mostly equivalent, but the charge conjugation 
property is critically changed. A transformation analogous to (10)
has been successfully used in the analysis of neutron–antineutron 
oscillations [10] and the analysis of the hitherto unrecognized siz-
able ﬁne-tuning [9] in the see-saw mechanism [11–13].
We now suggest the use of the above Bogoliubov transforma-
tion as a means to evade the diﬃculty associated with the charge 
conjugation of Weyl and Majorana fermions in a more general con-
text. The transformation (10) with θ = π/4 gives
1√
2
(N(x) + Nc(x)) = ψR(x) + CψR T (x),
1√
2
(N(x) − Nc(x)) = ψL(x) − CψL T (x), (13)
namely, two Majorana fermions,
ψ
(1)
M =
1√
2
(N(x) + Nc(x)),
ψ
(2)
M =
1√
2
(N(x) − Nc(x)), (14)
are naturally deﬁned in terms of the new ﬁeld N(x) introduced by 
the Bogoliubov transformation (Bogoliubov quasifermion), with the 
property:
CNNC†N = CNT . (15)
Here we denoted the charge conjugation operator for N as CN .
Those Majorana fermions satisfy CNψ(1)M C†N = ψ(1)M and ψ(1)M =
Cψ(1)M
T
, and CNψ(2)M C†N = −ψ(2)M and ψ(2)M = −Cψ(2)M
T
, the ﬁrst be-
ing even and the second odd eigenﬁeld of the charge conjugation 
operator CN . The ﬁelds ψ(1)M and ψ(2)M correspond to the conven-
tional deﬁnitions of Majorana fermions in terms of Weyl fermions 
on the right-hand side of (13), that do not support the opera-
tor charge conjugation Cψ . Incidentally, the deﬁnition of Majorana 
fermions by itself implies a certain “condensation” of the fermion 
number in the vacuum (see Ref. [14]). The Bogoliubov transforma-
tion helps deﬁne the eigenstates of the charge conjugation opera-
tor CN in a consistent manner.
In the case of massless Majorana and Weyl fermions, we do not 
encounter an explicit fermion number violation in the Lagrangian, 
for example,
L= 1
2
ψ
(1)
M (x)i /∂ψ
(1)
M (x)
= ψR(x)i /∂ψR(x), (16)
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see-saw mechanism [11–13], where there is an energy or mass 
gap. Yet the chiral Weyl fermion ψR(x), in its strict deﬁnition, is 
not the eigenstate of charge conjugation C and parity P trans-
formations, although CP is well-deﬁned. Thus the deﬁnition of 
the exact eigenstate of Cψ , namely the free Majorana fermion, has 
certain conﬂicts with the deﬁnition of the charge conjugation for 
ψR(x).1 These conﬂicts are resolved by the charge conjugation CN
after the Bogoliubov transformation, which is precisely what the 
ﬁrst relation of (13) implies. We however implicitly assumed the 
existence of a Dirac fermion in deﬁning the Bogoliubov transfor-
mation, which needs to be remembered when we consider appli-
cations.
We can also solve (10) with θ = π/4 in terms of the Majorana 
fermions (14) as
(
ψ(x)
ψc(x)
)
=
⎛
⎝
(
1+γ5
2
)
ψ
(1)
M (x) +
(
1−γ5
2
)
ψ
(2)
M (x)(
1−γ5
2
)
ψ
(1)
M (x) −
(
1+γ5
2
)
ψ
(2)
M (x)
⎞
⎠ . (17)
The Majorana fermions ψ(1)M (x) and ψ
(2)
M (x), if chosen as the pri-
mary dynamical degrees of freedom, belong to deﬁnite representa-
tions of the basic symmetries P and T and thus C, due to the CPT 
symmetry of ﬁeld theory on the Minkowski space–time. With this 
choice of fundamental ﬁelds, the natural quantum realization of 
the charge conjugation in (17) is CN , under which CNψ(1)M (x)C†N →
ψ
(1)
M (x) and CNψ(2)M (x)C†N → −ψ(2)M (x). However, on the left-hand 
side of (17) this operation does not send ψ to ψc , which would 
be expected if the operator charge conjugation is preserved. On 
the other hand, the classical consistency condition ψc(x) = Cψ(x)T
is satisﬁed. This inconsistency is precisely the diﬃculty we en-
countered in the construction of the Majorana fermions via Weyl 
fermions in (3). The Majorana fermions ψ(1,2)M (x) are consistently 
deﬁned in terms of the Bogoliubov N(x) and Nc(x), but not con-
sistently in terms of the chiral projected components ψL,R (x).
As for the physical implication of the above analysis, it may be 
natural to accept the description of the Majorana neutrino using 
the Bogoliubov transformation as a physical one in the Standard 
Model, since we start with the chiral Weyl fermions as the ba-
sic building blocks of gauge theory. As for the Dirac fermion ψ(x), 
which plays an important role in (13), it is effectively produced 
in the see-saw mechanism by the addition of the right-handed 
neutrino. One may thus regard the possible Majorana neutrino as 
a ﬁrst Bogoliubov quasiparticle, which is consistently understood 
only by the use of the Bogoliubov transformation.
3. Chiral symmetry and related issues
We now come back to the analysis of mostly massless fermions. 
From the point of view of conserved symmetries, the massless 
Dirac fermion has the U (1) fermion number and chiral U (1) sym-
metries. The Weyl fermion picks up the chiral choices (1 ± γ5)/2
as the conserved symmetry. The massless Majorana fermion retains 
only the chiral γ5 symmetry of the Dirac fermion as a conserved 
symmetry, as is seen by the construction ψM (x) = (1/2)[ψD(x) +
CψD
T
(x)], which implies ψD → eiαγ5ψD ⇒ ψM → eiαγ5ψM , or 
more directly
eiαγ5ψM = Ceiαγ5ψMT (18)
1 One may recall that the free Lagrangian L = ψR (x)i /∂ψR (x) = ψR (x)i /∂[(1 +
γ5)/2]ψR (x) suffers from the ambiguity if one adopts the charge conjugation in (4), 
although we have already rejected (ψR(x))C = CψR (x)T as a transformation rule of 
charge conjugation.if one uses ψM = CψMT . The quantity iγ5 is real in the Majo-
rana representation of γ matrices. If one insists on the eigenstates 
of the chiral symmetry, the chiral ﬁelds ψM(x)L,R with ψM(x) =
ψM(x)L + ψM(x)R are picked up.
The chiral symmetry implies the invariance under
ψM(x)L → e−iαψM(x)L, ψM(x)R → eiαψM(x)R . (19)
It is important that we have the same α in e±iαψM(x)L,R . In con-
trast, we have two parameters α and β in the case of a Dirac 
fermion:
ψD(x)L → e−iαψD(x)L, ψD(x)R → e−iβψD(x)R , (20)
but for a Weyl fermion ψW (x)L = ψD(x)L , we have obviously only 
a single parameter. When one regards the quantities deﬁned from 
Weyl fermions
ψ
(1)
M (x) = ψW (x)R + CψW (x)
T
R ,
ψ
(2)
M (x) = ψW (x)L − CψW (x)
T
L , (21)
as Majorana fermions, the distinct chiral symmetries of these Ma-
jorana fermions arise from those two different chiral symmetries.
In general, each massless Majorana fermion has its own chi-
ral symmetry generated by the generic chiral transformation eiαγ5 , 
and different Majorana fermions are distinguished by the different 
charge assignments to these U (1) chiral transformations.
As for the neutrinoless double beta decay, one may consider
L= (g/√2)e¯Lγ μWμ (1− γ5)
2
ψM + h.c., (22)
which projects the Majorana neutrino to the chiral state ψM(x)L . 
It is well-known that the neutrinoless double beta decay takes 
place only with massive Majorana neutrinos [16]. We here brieﬂy 
comment on this criterion from the point of view of the chiral 
symmetry breaking by the mass term. The chiral symmetry break-
ing may be characterized by
〈0|ψ(x)ψ(x)|0〉 = lim
x→y〈0|T

ψ(x)ψ(y)|0〉 = 0, (23)
although we are dealing with explicit chiral symmetry breaking. 
The use of 〈0|ψ(x)ψ(x)|0〉 as an indicator of chiral symmetry is 
well-known [15,17]. For a Majorana fermion, ψ(x) = νL(x) + νR(x), 
it is conﬁrmed that this is equivalent to
lim
x→y〈0|T

νTL (x)CνL(y)|0〉 = 0 (24)
by noting νR = νTL C , with a suitable regularization such as the 
dimensional regularization, where C is the charge conjugation ma-
trix. Chiral symmetry for either a massless Majorana neutrino or 
a Weyl neutrino predicts the vanishing result of this correlation 
to be consistent with the conclusion in [16]. As for the Majorana 
propagator generated by the neutrinoless double beta decay ampli-
tude discussed in [16], one may combine two ends of the neutrino 
line of the propagator at a point and then recognize the consis-
tency with the criterion (24).
As for the extra CP violating phases in the case of massive 
Majorana neutrinos [18–20], they are eliminated by the chiral free-
dom in the case of massless Majorana neutrinos.
We ﬁnally mention a reversed process, namely, the deﬁnition 
of a Weyl fermion from a massless Majorana fermion that satisﬁes 
CψM(x)C† = ψM(x) as well as ψM(x) = CψMT (x). We emphasize 
that the Majorana fermion deﬁned in (3) does not satisfy both 
these conditions. In this scheme, we have
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= ψM(x)R + CψM(x)TR
= ψM(x)L + CψM(x)TL , (25)
with the constraint ψM (x)L = CψM(x)TR . A salient feature of the 
present scheme is that chiral components satisfy the operator 
charge conjugation properties
CψM(x)RC† = ψM(x)R , CψM(x)LC† = ψM(x)L, (26)
and one can avoid the inconsistency we encountered in (3), since 
in the present case the Majorana ﬁeld is considered elementary. 
One can thus use one of ψM (x)L , ψM(x)R and ψM(x) = CψMT (x)
as a primary dynamical degree of freedom,
LM = 1
2
ψM(x)i /∂ψM(x)
= ψM(x)R i /∂ψM(x)R
= ψM(x)L i /∂ψM(x)L . (27)
One may interpret the superposition ψM(x) = ψM(x)R + ψM(x)L
in a manner analogous to the case of the photon polarizations. 
The interaction chooses one of these possibilities. The ﬁeld ψM (x)
which is transformed under parity as
PψM(x)P† = iγ 0ψM(t,−x), (28)
is an analogue of linear polarization but only one linear polariza-
tion (Majorana fermion) appears in the present case. The variables 
ψM(x)L and ψM(x)R in ψM(x) = ψM(x)L +ψM(x)R are interchanged 
by parity
PψM(x)RP† = iγ 0ψM(t,−x)L,
PψM(x)LP† = iγ 0ψM(t,−x)R , (29)
and they are the analogues of the circular polarization, but only 
one of them is allowed at a time, either left-handed or right-
handed (Weyl fermions). The Majorana fermion has no a priori
preference for a left- or right-handed state, and the measure-
ment (interaction) will pick up one of ψM (x)R , ψM(x)L or ψM(x) =
ψM(x)R +ψM(x)L . This subject, besides an interest in the quantum 
information carried by ultra-relativistic particles [21], may become 
relevant in the future if one takes the Majorana fermion as a fun-
damental entity of Nature.
In conclusion, we have discussed the basic properties of Majo-
rana and Weyl fermions and the relativistic analogue of Bogoliubov 
transformation in d = 1 + 3. The present study of the Majorana 
fermion as a Bogoliubov quasiparticle may be compared to con-
densed matter physics where the Bogoliubov quasiparticle is well-
known but the notion of Majorana particles is new [5–7]. In the 
Standard Model it is natural to start with Weyl fermions, and we 
argued that a change of vacuum as is indicated by the Bogoliubov 
transformation is inevitable to understand the possible Majorana 
neutrino consistently. The Majorana neutrino is then regarded as a 
Bogoliubov quasiparticle for the ﬁrst time in particle physics.
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We now illustrate the idea stated above, including the deﬁni-
tions of the charge conjugation operator and vacuum, using an 
explicit example of the single ﬂavor seesaw model deﬁned by [9]
L= (1/2){ν(x)[i /∂ −mD ]ν(x) + νc(x)[i /∂ −mD ]νc(x)}
− (1/4)[νc(x)ν(x) + ν(x)νc(x)]
− (5/4)[νc(x)γ5ν(x) − ν(x)γ5νc(x)], (30)
where we used a Dirac-type variable
ν(x) ≡ νL(x) + nR(x) (31)
and 1 =mR +mL and 5 =mR −mL , which are real if one assumes 
CP symmetry, for simplicity. The above Lagrangian (30) is CP con-
serving, although C, ν → CνT , and P (iγ 0-parity) are separately 
broken by the last term.
Let us ﬁrst recapitulate the traditional approach to the single 
ﬂavor seesaw and point out the issues with charge conjugation, 
and subsequently present on the same example our proposed ap-
proach using the Bogoliubov transformation and indicate how the 
issue is solved. Usually, one exactly diagonalizes the Lagrangian 
(30) (see, for example, Ref. [3]) as
L= ν˜(x)i /∂ν˜(x)
− (1/2)
(
ν˜RM1ν˜
c
L − ν˜cRM2ν˜L
)
+ h.c., (32)
where(
ν˜cL
ν˜L
)
≡ O
(
νcL
νL
)
,(
ν˜R
ν˜cR
)
≡ O
(
νR
νcR
)
, (33)
with a suitable 2 ×2 orthogonal matrix O . The mass matrix in (30)
is diagonalized as
O
( 1
2 (1 + 5) mD
mD
1
2 (1 − 5)
)
O T =
(
M1 0
0 −M2
)
, (34)
where
M1,2 =
√
m2 + (5/2)2 ± 1/2 (35)
are real eigenvalues. In our convention, νcL = [(1 − γ5)/2]νc and 
νcR = [(1 + γ5)/2]νc are left- and right-handed, respectively. Then 
one deﬁnes Majorana-type ﬁelds by
ψ˜+(x) = ν˜R(x) + ν˜cL(x),
ψ˜−(x) = ν˜L(x) − ν˜cR(x), (36)
and the Lagrangian becomes
L= 1
2
ψ˜+(x)[i /∂ − M+]ψ˜+(x) + 1
2
ψ˜−(x)[i /∂ − M−]ψ˜−(x), (37)
where we denoted M1 = M+ and M2 = M− , respectively. The mass 
M− represents the tiny neutrino mass.
However, one cannot show that the ﬁelds ψ˜+ and ψ˜− are truly 
Majorana in the quantum ﬁeld theory sense, just as we failed to 
show that ψM in (3) is a Majorana ﬁeld. This analysis shows that 
one can diagonalize the C-violating Lagrangian exactly in terms of 
Weyl fermions as in (32), but it is not invariant operatorially un-
der C. Thus one cannot rewrite this C-violating Lagrangian in terms 
of Majorana fermions which are exact eigenstates of a quantum 
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tered in (3). This feature is also shared with the simple case in 
(16).
To evade this problem, we recall that charge conjugation is 
well-deﬁned for a Dirac ﬁeld and that the Majorana ﬁeld is sup-
posed to be exactly invariant under charge conjugation. Therefore 
we propose to consider a different path, using the Bogoliubov 
transformation of Dirac ﬁelds as in (38). Thus the appearance of 
the Bogoliubov transformation is generic for the C-violating La-
grangian in the seesaw mechanism.2
Returning to the Lagrangian (30), we apply the Bogoliubov 
transformation (ν, νc) → (N, Nc), deﬁned as(
N(x)
Nc(x)
)
=
(
cos θ ν(x) − γ5 sin θ νc(x)
cos θ νc(x) + γ5 sin θ ν(x)
)
, (38)
with
sin2θ = (5/2)/
√
m2 + (5/2)2. (39)
We can then show that the anticommutators are preserved, i.e.,
{N(t, x),Nc(t, y)} = {ν(t, x), νc(t, y)},
{Nα(t, x),Nβ(t, y)} = {Ncα(t, x),Ncβ(t, y)} = 0, (40)
hence the transformation is canonical.
After the Bogoliubov transformation, which diagonalizes the La-
grangian with 1 = 0, L in (30) becomes
L= 1
2
[
N(x)
(
i /∂ − M)N(x) + Nc(x) (i /∂ − M)Nc(x)]
− 1
4
[Nc(x)N(x) + N(x)Nc(x)], (41)
with the mass parameter
M ≡
√
m2 + (5/2)2. (42)
This implies that the Bogoliubov transformation maps the orig-
inal theory to a theory characterized by the new (large) mass 
scale M , and 5/2 corresponds to the energy gap, in analogy with 
the BCS theory. We emphasize that the Bogoliubov transforma-
tion (38) preserves the CP symmetry, although it does not preserve 
the transformation properties under iγ 0-parity and C separately. In 
the present single ﬂavor model, this leads to the Lagrangian (41)
of the Bogoliubov quasi-fermion N(x) which is symmetric under 
the iγ 0-parity and C transformations, N(t, x) → iγ 0N(t, −x) and 
N(x) → CNT , respectively.
The combinations
ψ+(x) = 1√
2
(N(x) + Nc(x)), ψ−(x) = 1√
2
(N(x) − Nc(x)) (43)
represent Majorana ﬁelds if one uses the charge conjugation oper-
ator deﬁned by N(x) → Nc(x), and the Lagrangian (41) is exactly 
diagonalized in the form
L= 1
2
{ψ+[i /∂ − M+]ψ+ + ψ−[i /∂ − M−]ψ−}, (44)
with the masses
M± = M ± 1/2≡
√
m2 + (5/2)2 ± 1/2, (45)
2 One the other hand, if one sets 5 = 0 in the Lagrangian (30), the model be-
comes C-invariant although it still violates the fermion number. In such a case, one 
can directly rewrite the Lagrangian in terms of Majorana fermions in a consistent 
manner without the help of the Bogoliubov transformation. (This case corresponds 
to the model analyzed in [14].)such that mν = M− corresponds to the small neutrino mass. As 
expected, the mass eigenvalues coincide with those obtained by 
the previously presented direct diagonalization of the mass matrix, 
eq. (35).
As for the explicit deﬁnitions of the charge conjugation oper-
ators and vacua, one may ideally deﬁne them directly. However, 
the direct deﬁnitions turn out to be very involved. We thus adopt 
the following consistency argument which can be formulated rig-
orously.
We recall that the Lagrangians (44) and (37) contain ﬁelds with 
the same masses and classically expected to be Majorana fermions, 
ψc+ = ψ+ and ψc− = −ψ− , respectively. They satisfy the free equa-
tions for fermions:
[i /∂ − M+]ψ+(x) = 0,
[i /∂ − M−]ψ−(x) = 0. (46)
These free Dirac equations are solved exactly, and the vacuum is 
deﬁned by
ψ
(+)
+ (x)|0〉M = ψ(+)− (x)|0〉M = 0, (47)
where ψ(+)± (x) stand for positive frequency components. One can 
also construct the operator charge conjugation CM which satisﬁes
CMψ+(x)C†M = Cψ+(x)
T = ψ+(x),
CMψ−(x)C†M = Cψ−(x)
T = −ψ−(x), (48)
with CM |0〉M = |0〉M by following the procedure in the textbook 
[8].
We next invert (43) and (36) in the form(
N(x)
Nc(x)
)
=
(
1√
2
(ψ+(x) + ψ−(x))
1√
2
(ψ+(x) − ψ−(x))
)
, (49)
and
(
ν˜(x)
ν˜c(x)
)
=
⎛
⎝
(
1+γ5
2
)
ψ+(x) +
(
1−γ5
2
)
ψ−(x)(
1−γ5
2
)
ψ+(x) −
(
1+γ5
2
)
ψ−(x)
⎞
⎠ , (50)
respectively. Both of these relations satisfy the classical charge 
conjugation conditions, Nc = CNT and ν˜c = C ν˜T , using the ex-
pressions on the right-hand sides with Cψ+(x)
T = ψ+(x) and 
Cψ−(x)
T = −ψ−(x).
We satisfy
CMN(x)C†M =
1√
2
CM (ψ+(x) + ψ−(x))C†M = Nc(x), (51)
but
CM ν˜(x)C†M = CM
((
1+ γ5
2
)
ψ+(x) +
(
1− γ5
2
)
ψ−(x)
)
C†M
=
(
1+ γ5
2
)
ψ+(x) −
(
1− γ5
2
)
ψ−(x)
= ν˜c(x). (52)
One can thus consistently deﬁne CN = CM and |0〉N = |0〉M for 
the Bogoliubov quasiparticle N(x), but the exact charge conjuga-
tion CM for the exact solutions of the Majorana fermion does 
not induce the required charge conjugation of the variable ν˜(x), 
namely, Cν˜ = CM , which in turn implies that the vacuum deﬁned 
by Cν˜ |0〉ν˜ = |0〉ν˜ differs from |0〉M , namely, |0〉ν˜ = |0〉N . The ex-
act solutions of our Lagrangian (30) are given by two Majorana 
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ﬁned by a direct product of the vacua for those two Majorana 
fermions. (The true vacuum |0〉M differs from the vacuum of N(x)
expected from the Dirac part of the Lagrangian (41) with mass M
or the vacuum of ν˜(x) expected from the Dirac part of the La-
grangian (32) with a vanishing mass.) All the Dirac-type variables 
N(x) and ν˜ are expanded in terms of these two Majorana fermions, 
but the variable ν˜ , which contains chiral projection operators in 
the expansion, cannot be a representation of the charge conjuga-
tion operator CM .
Thus, the Bogoliubov transformation converts the “C-violating 
condensate” with the coeﬃcient 5 in the fermion number vio-
lating condensates in (30) into a Dirac mass M =
√
m2D + (5/2)2. 
We regard this to be an analogue of the absorption of the chi-
ral condensate by the massless Dirac fermion to become a mas-
sive Dirac fermion in the Nambu–Jona-Lasinio model [15], with 
the corresponding changes of vacuum states. For the very special 
case 5 = 0 and thus the mixing angle θ = 0 in (39), which is ir-
relevant for the seesaw mechanism but relevant for the neutron 
oscillations [10,14], the Lagrangian (30) becomes C-invariant and 
the Bogoliubov transformation is not required. In this case, effec-
tively N(x) = ν(x), where ν(x) is the very original variable in (30); 
one can conﬁrm that ψ˜+(x) = ν˜R(x) + ν˜cL(x) = (ν(x) + νc(x))/
√
2
and ψ˜−(x) = ν˜L(x) − ν˜cR(x) = (ν(x) − νc(x))/
√
2 in (33). In this 
special case with C conservation, we thus have Cν = CM , with 
Cνν(x)C†ν = Cν(x)T = νc(x), and the true vacuum is given by |0〉M .
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